Abstract. The Møller energy(due to matter and fields including gravity) distribution of the traversable Lorentzian wormhole space-time by the scalar field or electric charged is studied in two different approaches of gravity such as general relativity and tele-parallel gravity. The results are found exactly the same in these different approximations. The energy found in tele-parallel gravity is also independent of the tele-parallel dimensionless coupling constant, which means that it is valid in any teleparallel model. Our results sustains that (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given space-time and (b) the viewpoint of Lassner that the Møller energy-momentum complex is a powerful concept of energy and momentum.
Introduction
In literature, after Einstein's expression [1] for the energy and momentum distributions of the gravitational field, many attempts have been proposed to resolve the gravitational energy problem [2, 6] . Except for the definition of Møller, these definitions only give meaningful results if the calculations are performed in "Cartesian" coordinates. Møller constructed an expression which enables one to evaluate energy and momentum in any coordinate system. In general relativity, Virbhadra [3] using the energy and momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general nonstatic spherically symmetric metric of the Kerr-Schild class, showed that all of these energy-momentum formulations give the same energy distribution as in the Penrose energy-momentum formulation. Further, several examples of particular space-times have been investigated and different energy-momentum pseudo-tensor are known to give the same energy distribution for a given space-time [4, 5] .
The problem of energy-momentum localization has also been considered in alternative gravitation theory, namely tele-parallel gravity [6] . In Gen. Relat. Gravit. 36, 1255(2004); Vargas, using the definitions of Einstein and Landau-Lifshitz in teleparallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker space-times and his result is the same as those calculated in general relativity [7] . After this interesting work, Saltı et.al. [8, 9] considered the viscous Kasner-type and the Bianchi-type I space-times, and the results obtained in tele-parallel gravity are the same as obtained in general relativity. In another work, Aydogdu [10] shows that the energy distribution of the universe, based on the locally rotationally symmetric Bianchi-type II space-time, is same in both tele-parallel gravity and general relativity.
In this paper, we obtain the energy distribution(due to matter plus fields) associated with a charged wormhole solution using the general relativity and the tele-parallel gravity version of Møller's energy-momentum definition.
Notations and conventions: c = h = 1, metric signature (+, −, −, −), Greek indices and Latin ones run from 0 to 3. Throughout this paper, Latin indices (i, j, ...) represent the vector number, and Greek indices (µ, ν,...) represent the vector components.
The Traversable Wormhole Solutions
A search for the traversable wormhole solutions with realistic matter has been for long, and is still remaining to be, one of the most intriguing challenges in gravitational studies. One of attractive features of wormholes is their ability to support electric or magnetic "charge without charge" [11] by letting the lines of force thread from one spatial asymptotic to another.
As it is widely known, traversable wormhole can only exist with exotic matter sources, more precisely, if the energy-momentum tensor of the matter source of gravity violates the local and averaged null energy condition [12] 
Scalar fields are able to provide good examples matter needed for wormholes: on the one hand, in many particular models they do exhibit exotic properties, on the other, many exact solutions are known for gravity with scalar sources. We will consider some examples of wormhole solutions.
The static wormhole
The static wormhole space-time without and charge is given by [13] 
Here the arbitrary functions Ξ(r), ξ(r) are defined as the lapse and wormhole shape functions, respectively. The shape of the wormhole is determined by ξ(r). There can be two requirements about the wormhole function ξ(r) for the wormhole in order to be maintained. These are positiveness and flatness conditions. If r → ∞, ξ(r) approaches 2M that is defined as the mass of wormhole [14] . Therefore ξ(r) should be defined as the positive function, and the condition r > ξ(r) which means the existence of the minimum radius also support the positiveness of ξ(r). The other condition comes from the flareout condition of the shape of the wormhole. When the proper distance ζǫ(−∞, +∞) is defined as dζ = dr/(1 − ξ(r)), the condition should be
Wormhole with scalar field
If we put ξ ef = ξ − ρ/r instead of ξ with Ξ = 0, thus the effect by the scalar field on the wormhole is simply by represented as the change of the wormhole function ξ into ξ − ρ/r without any interaction term. Here ρ depends on the changing rate of the scalar field ϕ and play the role of scalar charge. From this point of view, the metric of the wormhole space-time with the scalar field should be [13] 
Since the components are always positive, there is no horizon in this space-time. For the dimensional reasons, the wormhole function has the form given below.
where ω is the proper parameter of equation of state [15] , and this should be less than − 1 2 so that the exponent of r can be negative to satisfy the flareness condition. The shape of the effective wormhole will vary with the value of this parameter and ρ via the additional factor −ρ/r.
Wormhole with electric charge
The procedures of the case of electric charge is the same as the case of scalar field. The space-time model for a wormhole with electric charge is given by [13] 
This line-element is the combination of Morris-Thorne type spherically symmetric static wormhole and Reissner-Nordström space-time. If Q = 0, the space-time model is reduced the Morris-Thorne wormhole and when ξ = 0, it transforms the ReissnerNordström black hole with zero mass.
Møller's Energy-Momentum Definition

Energy in General Relativity
In general relativity, the energy-momentum complex of Mφller [2] is given by
satisfying the local conservation laws:
where the antisymmetric super-potential Σ
The locally conserved energy-momentum complex M ν µ contains contributions from the matter, non-gravitational and gravitational fields. M 0 0 is the energy density and M 0 a are the momentum density components. The momentum four-vector of Møller is given by
Using Gauss's theorem, this definition transforms into
where µ α (where α = 1, 2, 3) is the outward unit normal vector over the infinitesimal surface element dS. P i give momentum components P 1 , P 2 , P 3 and P 0 gives the energy.
Energy in the Tele-parallel Gravity
The tele-parallel theory of gravity(tetrad theory of gravitation) is an alternative approach to gravitation and corresponds to a gauge theory for the translation group based on Weitzenböck geometry [16] . In the theory of tele-parallel gravity is attributed to torsion [17] , which plays the role of a force [18] , and the curvature tensor vanishes identically. The essential field is acted by a nontrivial tetrad field, which gives rise to the metric as a by-product. The translational gauge potentials appear as the nontrivial item of the tetrad field, so induces on space-time a tele-parallel structure which is directly related to the presence of the gravitational field. The interesting place of tele-parallel theory is that, due to its gauge structure, it can reveal a more appropriate approach to consider some specific problem. This is the situation, for example, in the energy and momentum problem, which becomes more transparent. Mφller modified general relativity by constructing a new field theory in tele-parallel space. The aim of this theory was to overcome the problem of the energy-momentum complex that appears in Riemannian Space [19] . The field equations in this new theory were derived from a Lagrangian which is not invariant under local tetrad rotation. Saez [20] generalized Mφller theory into a scalar tetrad theory of gravitation. Meyer [21] showed that Mφller theory is a special case of Poincare gauge theory [22, 23] .
In tele-parallel gravity, the super-potential of Mφller is given by Mikhail et al. [6] as
where γ αβµ = h iα h i β;µ is the con-torsion tensor and h 
The energy-momentum density is defined by
where comma denotes ordinary differentiation. The energy is expressed by the surface integral;
where η ζ (with ζ = 1, 2, 3) is the unit three-vector normal to surface element dS.
Calculations
In this part of the study, we will calculate the energy distribution(due to matter and fields including gravity) for a general metric that includes three wormhole models given above. The general line-element is
In Genaral Relativity
The matrix of the g µν is defined by
and its inverse g µν is
For the line-element (18) under consideration we calculate
which is the only required component of Σ να µ for our purpose. Here, the index r indicates derivative with respect to r. Using this expression in equation (11) we obtain the energy distribution
In Tele-parallel Gravity
The general form of the tetrad, h µ i , having spherical symmetry was given by Robertson [24] . In the Cartesian form it can be written as
where A, B, C, D, E, and F are functions of t and r = √ x α x α , and the zeroth vector h µ 0 has the factor i 2 = −1 to preserve Lorentz signature ‡. Using the general coordinate transformation
where X µ and X ν are, respectively, the isotropic and Schwarzschild coordinates (t, r, θ, φ), we obtain the tetrad h 
Substituting this result in energy integral, we have the following energy distribution
This is the same energy distribution as obtained in general relativity.
Special cases for the energy
In the previous two parts of this section, we obtained the general energy distribution in a wormhole solution with extra field such as scalar and electric fields. Now, we find the energy for some special cases given in section 2.
• The static wormhole, to get the limit of the general metric, we can write B = e
2Ξ(r)
and A = r/(r − ξ(r)) in the line-element (18) . Therefore the energy distribution (due to matter and fields including gravity) in this case is obtained as • Wormhole with scalar field, to reduce our general metric into this case, we should write B = 1 and A = r 2 /(r 2 − rξ(r) + ρ(r)) in the line-element (18) . Using this expressions, the energy of this case is found as
If we take the limits of ξ(r) → 0 and ρ(r) → 0, the model gives the Minkowski space-time, and the energy is also zero.
• Wormhole with electric charge, Taking B = (1 + into the line-element (18) we obtain the wormhole solution with electric charge. Considering these definitions, the energy is obtained as given below.
This model also includes the Minkowski space-time, under the limits of Q → 0 and ξ(r) → 0, and the energy distribution of the model vanishes.
Discussions
We evaluated the energy distributions for some wormhole solutions with extra fields such as scalar field and electric charge using both the general relativity and the tele-parallel gravity versions of Møller's energy-momentum definition. The energy distributions were found the same in both of these different approximations of gravity. The energy distribution obtained in tele-parallel gravity is also independent of the tele-parallel dimensionless coupling constant, which means that it is valid in any tele-parallel model. We also taken some limits of the wormhole models considered to show they includes the Minkowski metric, and find the zero energy as we expect. Furthermore, this paper sustains (a) the importance of the energy-momentum definitions in the evaluation of the energy distribution of a given space-time, (b) the viewpoint of Lassner that the Møller energy-momentum complex is a powerful concept of energy and momentum, (c) the opinion that different energy-momentum expressions definitions could give the same result in a given space-time and (d) the Møller energymomentum definition allows to make calculations in any coordinate system.
